Abstract. We study a certain skein element in the relative Kauffman bracket skein module of the disk with some marked points, and expand this element in terms linearly independent elements of this module. This expansion is used to compute and study the head and the tail of the colored Jones polynomial and in particular we give a simple q−series for the tail of the knot 85. Furthermore, we use this expansion to obtain an easy determination of the theta coefficients.
Introduction
In [2] Armond and Dasbach introduced the head and the tail of the colored Jones Polynomial of an alternating knot L, two link invariants which take the form of infinite power series with integer coefficients. Skein theoretic techniques have been used in [1] and [2] to understand the head and tail of an alternating link. Write S(S 3 ) to denote the Kauffman Bracket Skein Module of S 3 . Let L be an alternating link and let D be a reduced link diagram of L. Write S B (D) to denote the all-B smoothing state of D, the state obtained by replacing each crossing by a B smoothing. Let S (n) B (D) be the skein element obtained from S B (D) by decorating each circle in this state with the n th Jones-Wenzl idempotent and replacing each place where we had a crossing in D with the (2n) th projector. It was proven in [1] that for an adequate link L the first 4(n + 1) coefficients of n th unreduced colored Jones polynomial coincide with the first 4(n + 1) coefficients of the skein element S B (D). We will call this element the bubble skein element. We eventually found various applications for the bubble element. In fact, nearly all fundamental skein theoretic identities can be derived from the bubble skein formula and one other simple skein identity [4] .
1.1. Plan of the paper. In section 2, we review the skein theory basics needed in this paper. In section 3, we state our main results. In section 4, we give a recursive formula for the bubble skein element. In section 5, we use the recursive identity for the bubble skein element to expand this element in terms of a linearly independent set in the relative module of the disk. In section 6, we use our results to give an easy way to determine a theta graph spin network evaluation in S(S 3 ). Furthermore, we study the element S (n) B for the knot 8 5 and we use our techniques to compute for the tail of this knot.
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Skein theory
In this section we review the fundamentals of the Kauffman Bracket Skein Modules and introduce the skein modules that will be used for our purpose. Furthermore, we discuss the recursive definition of Jones-Wenzl idempotent and recall some of its basic properties. For more details about linear skein theory associated with the Kauffman Bracket, see [8] , [11] , and [14] . Definition 2.1. (J. Przytycki [14] and V. Turaev [17] ) Let M be an oriented 3-manifold. Let R be a commutative ring with identity and a fixed invertable element A. The Kauffman Bracket Skein Module S(M ; R, A) is the free module generated by the set of isotopy classes of framed links in M (including the empty knot) modulo the submodule generated by the Kauffman relations [7] :
where L⊔ consists of a framed link L in M and the trivial framed knot .
A relative version of the Kauffman bracket skein module can be defined when M has a boundary. We specify a finite (possibly empty) set of points on the boundary of M . The relative module is the free module generated by the set of isotopy classes of framed links together with arcs joining the designated boundary points of M modulo the Kauffman relations specified above.
When the manifold M is homeomorphic to F × I, where F is an oriented planer surface with a finite set of points (possibly empty) in its boundary ∂F , one could define the (relative) Kauffman bracket skein module of F . In this case one considers an appropriate version of link diagrams in F instead of framed links in M . The isomorphism between S(M ; R, A) and S(F ; R, A) that sends a framed link to its link diagram will be used to identify these two skein modules.
In this paper R will be Q(A), the field generated by the indeterminate A over the rational numbers. We will work with the skein module of the sphere S(S 2 ; R, A). Let D be any diagram in S 2 . Using the definition of the normalized Kauffman bracket, we can write D =< D > φ in S(S 2 ; R, A). This provides an isomorphism S(S 2 ; R, A) ∼ = Q(A), induced by sending D to < D >. We will also work with the relative skein module S(D 2 ; R, A, 2n), where the rectangular disk D 2 has n designated points on the top edge and n designated points on the bottom edge. This relative skein module can be thought of as the Q(A)-module generated by all (n, n)-tangle diagrams in D 2 modulo the Kauffman relations. The relative skein module S(D 2 ; R, A, 2n) admits a multiplication given by juxtaposition of two diagrams in S(D 2 ; R, A, 2n). With this multiplication S(D 2 ; R, A, 2n) is an associative algebra over Q(A) known as the n th Temperley-Lieb algebra T L n . For each n there exists an idempotent f (n) in T L n that plays a central role in the Witten-Reshetikhin-Turaev Invariants for SU (2) . See [8] , [10] , and [16] . The idempotent f (n) , known as the n th Jones-Wenzl idempotent, was discovered by Jones [5] and it has a recursive formula due to Wenzl [18] . We will use this recursive formula to define f (n) . Further, we will adapt a graphical notation for f (n) which is due Lickorish [10] . In this graphical notation one thinks of f (n) as an empty box with n strands entering and n strands leaving the opposite side. The Jones-Wenzl idempotent is defined by:
where
The polynomial ∆ n is related to [n + 1], the (n + 1) th quantum integer, by ∆ n = (−1) n [n + 1]. It is common to use the substitution a = A 2 when one works with quantum integers.
We assume that f (0) is the empty diagram. The Jones-Wenzl idempotent satisfies
The last relative Kauffman bracket skein module that we will need here is a certain submodule of the relative skein module of D 2 with m + n + m ′ + n ′ specified points on its boundary. To define this submodule we partition this set of points into four sets of m, n, m ′ , and n ′ points, respectively, and at each cluster of these points we place an appropriate idempotent, i.e., the one whose color matches the cardinality of this cluster. See We assume that a diagram is zero if it has a strand labeled by a negative number.
As we mentioned in the introduction, we are interested in a particular skein element in the module D m,n m ′ ,n ′ . This element is shown in Figure 2 
Main results
The main work of this paper gives an expansion the bubble skein element B m,n m ′ ,n ′ (k, l), defined in the previous section, in terms of a set of Q(A)-linearly independent skein elements in the module D m,n m ′ ,n ′ and gives an explicit determination of the coefficients obtained from this expansion.
Recall that the quantum binomial coefficients are defined by
where (a; q) n is q-Pochhammer symbol which is defined as 
We give two applications of the previous theorem. The first one gives a relation between the coefficient m n k k 0 and the theta graph Λ(m, n, k), see Figure 3 , in S(S 2 ).
The tail of an alternating link L is a q-series associated to L. The second application that we give to the bubble expansion formula is showing that this expansion can be used to study and compute the tail of alternating links. In particular we give a simple formula for the tail of the knot 8 5 :
Proposition 3.3.
).
A recursive formula for the bubble skein element
In this section we use the recursive definition of the Jones-Wenzl idempotent to obtain a recursive formula for the bubble skein element B We denote the rational functions
by α k m,n and β k m,n , respectively.
Proof. First we consider the trivial cases when one of the integers m, n, m ′ , n ′ is zero. Observe that m + k = 1 + m ′ and n + k = 1 + n ′ . Since k ≥ 1 , we know that m ≤ m ′ and n ≤ n ′ . If m ′ = n ′ = 0, then this implies that m and n must be zero and k is 1. Hence B Using identity (2.3) in the first term and expanding the projector f (n+1) the second term in (4.1) implies
For k ≥ 2, we use the recursive definition (2.1) on the projector
Using identity (2.3) and expanding the projector
We apply the induction hypothesis on the bubble skein element B m,n m ′ ,n ′ (k − 1, 1) that appears in the second term of the last equation:
Collecting similar terms together, we obtain
Note that, while the symmetry with respect to the variables m and n in the function β k m,n is clear, the rational function α k m,n appears to be asymmetric with respect to these variables. It is routine to verify that ∆ n+k ∆ m+k−1 − ∆ n ∆ m−1 = ∆ m+k ∆ n+k−1 − ∆ m ∆ n−1 and hence α k m,n is also symmetric with respect to the variables m and n. This also could be seen to follow from the proof of Lemma 4.1. To see this note that in Lemma 4.1 we obtain (4.4) by expanding f (m+k) first and f (n+k) second. Further, the coefficients α k m,n and β k m,n are a result of an iterative application of (4.4). We could have done the expansion of the bubble in the opposite order, by expanding f (n+k) first and f (m+k) second, and obtain an identity that is identical to (4.4) except m and n are swapped. An iteration of this identity would yield the same coefficient β k m,n and forces α k m,n to be the same as α k n,m . We will need the following identity. A proof can be found in [8] and [12] .
Note that the previous identity can be used to obtain a more manageable formula for α k m,n .
Proof. We start again by considering the trivial cases when one of the integers m, n, m ′ , n ′ is zero. Note that, as in Lemma
, then the result follows from (2.3). Now suppose that min(m, n) = 0 and apply the recursive definition of the Jones-Wenzel idempotent on the projector
Removing the loop that appears in the first term and expanding the projector f (n+k) in the second term of (4.6) we obtain
If l = 1 then the result follows from 4.1. Otherwise we apply Lemma 4.1 to the skein element B m,n m ′ ,n ′ (k − 1, 1) appearing in the second term of (4.7) to obtain
The bubble expansion formula
In this section we will use the recursive formula we obtained in m ′ ,n ′ (k, l) in terms of these linearly independent elements. Finally, the recursive formula will be used to determine a closed form of these coefficients. 
Proof.
(1) The trivial cases when min(m, n, l) ≤ 1 were discussed in Lemma 4.4. Suppose that min(m, n, l) ≥ 2 and consider the identity (4.5). We apply this identity to the bubble skein elements appearing in the first and the second terms of (4.5). We obtain that B m,n m ′ ,n ′ (k, l) is equal to a Q(A)-linear sum of the three skein elements m n
Note that a bubble skein element appears in each of the three elements above. Moreover, each bubble has an index on at least one of its strands that is less than the index of the corresponding strand in (4.5). One could apply the identity (4.5) iteratively on each bubble that appears in the sum. This iterative process will eventually terminate all bubbles in each element in the summation. This yields that B 
Proof. Substitute (5.1) in both sides of (4.5):
The latter can be written as 
Remark 5.3. The coefficients m n k l i behave like the binomial coefficients l i in the sense that m n k l i = 0 when i < 0 or i > l. Note also that the recursion formula for m n k l i , when one focuses the variables l and i, is analogues to the recursion formula of the binomial coefficients
The following theorem gives a closed formula for the rational function m n k l i . The symmetry of the bubble skein element, or the previous formula for the coefficients m n k l i , implies immediately the following.
It is preferred sometimes to write the the coefficients m n k l i in terms of quantum integers rather than deltas. Recall that ∆ n = (−1) n [n + 1] and hence the sign of the term
[k − j] can be easily calculated to be (−1)
)(i−l)(−1+i+2k−l). Similarly, the sign of
the sign of
, and the sign of
)(i−l)(1+i+2k−l+2m+2n) . Thus the exponent of −1 of the whole term is −i − 2ik − l + 2il + 4kl − 2l 2 + 2lm + 2ln = i + l (mod 2). Hence the previous theorem can be rewritten as follows:
6. Applications 6.1. The theta graph. A theta graph is a spin network in S 2 that plays an important role in computing arbitrary spin network in S 2 . The evaluation of a theta graph in S(S 2 ) is equivalent to find the evaluation of the skein element in Figure 3 . Explicit determination of this skein element is done in [8] and [12] . We will denote this skein element by Λ(m, n, k). Our first immediate application of the bubble expansion formula is computing this skein element. The following lemma
shows that m n k k 0 is almost equal to the evaluation of this skein element.
Proof. We apply the bubble skein formula 
This reflects the symmetry of the theta graph.
6.2. The head and the tail of alternating knots. We briefly review the basics of the head and the tail of the colored Jones polynomial. For more details see [1] and [2] . Then we use the bubble expansion formula to give an example of calculation that demonstrates how one can use the bubble expansion formula to study certain skein elements in S(S 3 ) that determines the tail of a family of knots.
We start by recalling the definition of the unreduced colored Jones polynomial for links in S 3 . Let L be a framed link in S 3 . Decorate every component of L, according to its framing, by the n th Jones-Wenzl idempotent and consider this decorated framed link as an element of S(S 3 ). Up to a power of ±A, that depends on the framing of L, the value of this element is the n th (unreduced) colored Jones polynomialJ n,L (A). In what follows we assume A 4 = q.
Following [2] , write P 1 (q) . = n P 2 (q) ,where P 1 (q), P 2 (q) are two Laurent series if and only if P 1 (q) = q ±s P 2 (q) mod q n . It was proven in [1] that the k th coefficient in the entire colored Jones polynomial of an alternating link L does not depend on the color n as long as n ≥ k. Thus one could define a power series associated with the entire colored Jones polynomial whose n th coefficient is the n th coefficient ofJ n,L . The tail of the colored Jones polynomial of a link L is defined to be
∆n(q) for all n. In the same way, the head of the colored Jones polynomial of a link L is defined to be the tail ofJ n,L (q −1 ∆n(q −1 ). For more details see [1] . Higher order stability of the coefficients of the colored Jones polynomial is studied by Garoufalidis and Le in [3] . 
Finding an exact form for the head and tail series is an interesting task. Explicit calculations were done on the knot table to determine these two power series in [1] . Using multiple techniques Armond and Dasbach determined the head and tail for an infinite family of knots and links. The knot 8 5 , Figure 7 , is the first knot on the knot table whose tail could not be determined by a direct application of techniques in [1] . The techniques we developed here appear to be helpful in understanding the head and the tail for some knots. We demonstrate this by studying the family of knots in Figure 8 . Note that we obtain the knot 8 5 from this family by replacing each crossing region by a single crossing. B for any knot from the family 8 is given in Figure 10 . Note that the bubble skein element appears in multiple places in this skein element. Remark 6.5. The algorithm of Masbaum and Vogel in [12] can be used to compute the evaluation of any skein element in S(S 2 ). In particular, it can be used to give a formula for the skein element S (n) B (Γ). However, it is difficult to compute the tail of Γ using the formula obtained from this algorithm. For this reason, we will use the techniques we developed here to compute the evaluation of the skein element S (n) B (Γ). Now we compute the tail of the knot Γ. Lemma 6.6.
Jn,Γ(A)
.
Proof. We use the bubble expansion formula on the top left bubble in the skein element S 
The previous summation is zero unless k = 0. Hencẽ
n n n n i n n n n j i n n n − j 0 j n n n − i 0 j i n n 0 ∆2n ∆n+i ∆2n ∆n+j ∆i+j (6.2) In the next proposition we work with the variable q. Recall that A 4 = q.
Proposition 6.7.
Proof. Using Corollary 5.6 and the fact that
One obtains:
and one could use (6.3) and the formula for the theta graph given in [8] or [12] to write
Putting (6.5), (6.6), and (6.7) in (6.2) we obtaiñ 
